Abstract-To simulate the beam and wave interaction (BWI) of various types of traveling wave tube amplifiers (TWTAs), a digitized nonlinear theory has been developed with two features. First, the digitized RF field profiles obtained from electromagnetic simulation software are applied to replace the analytical RF field profiles in TWTAs. Second, the relationship of energy conservation between the beam and RF fields is used to derive the RF field equations. Based on this nonlinear theory, one-dimensional (1-D) code has been constructed to predict the performances of TWTAs. Comparisons between the simulations and the experimental results for three types of TWTAs, i.e., a K-band helix TWTA, a V-band coupled cavity (CC) TWTA and a W-band folded waveguide (FWG) TWTA, are discussed to prove this nonlinear theory.
INTRODUCTION
Traveling wave tube amplifiers (TWTAs) are important microwave devices widely used in radar, electronic warfare and communication systems [1, 2] . As demand increases for higher frequency and higher power, better performing traditional devices, such as helix TWTAs and coupled cavity (CC) TWTAs are required, while new types of TWTAs, such as folded waveguide (FWG) TWTAs have also been developed. As a result, nonlinear theories for simulating the beam and wave interaction (BWI) of these TWTAs are in demand.
Many nonlinear BWI theories for helix and CC TWTAs have been developed since Pierce and Rowe et al. [3, 4] . Over the past decades, CHRISTINE [5] [6] [7] , GATOR [8] [9] [10] and SUNRAY [11] theories have been effectively applied to helix and CC TWTAs [12] [13] [14] . LSCEX [15] [16] [17] and TESLA [18] [19] [20] have also been applied to CC TWTAs. Characteristics of helix and CC TWTAs are significantly improved by these nonlinear theories. But for the FWG TWTAs, no nonlinear BWI theory has been reported yet. Instead, three dimensional (3-D) particle-in-cell (PIC) software such as MAGIC [21] , can be employed to simulate the FWG TWTAs in time domain, but the cost is huge for the large quantity of computing time for practical tube designs.
In this paper, to simulate the BWI of various types of TWTAs in a unified way, a digitized nonlinear theory is developed with two features. First, with the digitized RF fields in a single period obtained from the electromagnetic simulation software (such as HFSS [22] ), the RF field profile in the whole tube can be provided by means of the Floquet theorem. Second, the RF field equations are developed from the Law of Energy Conservation. On combing the RF field equations, the Lorentz equations and the space charge (SC) field equations, a nonlinear BWI theory in frequency domain is proposed. Performance of a K-band helix TWTA, a V-band coupled cavity (CC) TWTA [23] and a W-band folded waveguide (FWG) TWTA [24] shown in Figure 1 has been accurately predicted by the one-dimensional (1-D) parametric code based on this digitized nonlinear theory. Compared with the PIC code, this parametric code can save substantial computing sources. For example, the time and memory costs for a single calculation by this 1-D code in a personal computer (CPU 2.4 GHz, Memory 2 GB) are typically less than 10 min and 20 MB, respectively.
The organization of this paper is as follows. In Section 2, a nonlinear BWI theory is constructed by the combination of the RF field equations, the SC field equations and the dynamic equations.
(a) (c) (b) Figure 1 . Schematic for the slow wave structures of (a) helix, (b) CC, and (c) FWG TWTAs.
In Section 3, the helix, CC and FWG TWTAs (shown in Figure 1 ) simulations are compared with test results. The conclusion of this paper is in Section 4.
THE NONLINEAR BWI THEORY
The RF fields acting on the electron beam propagating in the slow wave structure (SWS) of a TWTA can be represented in the form of a product as (1) for the RF electric field, and
for the RF magnetic field, where subscript n is the RF signal number, and ω n is the angular frequency; e n (x) and h n (x) are the RF field profiles without electron beam loaded; f n (z) is the complex amplitude varying along the z axial.
It is seen from (1) and (2) that two points need be considered to construct the RF field equations. They are 1) expressions of e n (x) and h n (x), and 2) the evolution of f n (z). Both of the two points will be discussed.
The RF Field Profiles
The RF field profiles e n (x) and h n (x) can be generally expressed by the Floquet theorem as
where subscript ⊥ stands for the transverse components; m is the period number equal to the integer of z/λ h , and λ h is the axial period length; ϕ n is the phase shift for the nth RF signal in one period; ς n (x ⊥ , z 0 ) and ξ n (x ⊥ , z 0 ) are electric and magnetic RF field profile in a single period, respectively.
Because of the variety and complexity of the SWSs, considerable effort has been concentrated on acquiring the analytical e n (x) and h n (x) in different types of TWTAs by equivalent circuit [25] or field theory [26] [27] [28] [29] [30] methods. Instead, digitized e n (x) and h n (x) can be obtained by means of HFSS as follows. Firstly, for different phase shift ϕ i , its corresponding frequency ω i , power p hf,i and digitized RF field profiles E hf,i (x ⊥ , z 0 ) and H hf,i (x ⊥ , z 0 ) can be obtained by HFSS with operations of "Field Overlays"-"Calculator"-"Export". Secondly, the digitized ς i (x ⊥ , z 0 ) and ξ i (x ⊥ , z 0 ) can be calculated by
Thirdly, for the RF signal with specific frequency ω n , linear interpolation based on frequencies ω j and ω k can be applied as
where ω j < ω n < ω k , and a = ς, or ξ. Lastly, digitized e n (x) and h n (x) can be obtained by substituting (6) into (3) and (4). The axial RF electric field profiles z · e n (x) for the helix, the CC and the FWG TWTAs at their center frequencies are shown in Figure 2 . It can be seen from Figure 2 that, expressions (3) and (4) are effective in various types of TWTAs. It should be noted that, since ς n (x ⊥ , z 0 ) and ξ n (x ⊥ , z 0 ) are normalized by p
the relationship between the amplitude f n (z) and the RF power is then given by
where A is the cross sectional area of the SWS. It is noted that the RF field profiles e n (x) and h n (x) contain all of their space harmonic components as where s is the space harmonic number, and k zn = ϕ n /λ h is the axial wave number of the 0th component. For a helix TWTA, shown in Figure 2 (a), its total RF field profile can be described by the 0th space harmonic component as (10) In contrast, for the CC TWTA and for the FWG TWTA (shown in Figures 2(b) and 2(c) respectively), their total RF field profiles contain many space harmonic components. Therefore the RF field profiles in CC or FWG TWTAs can't be represented by expression (10) . This distinguishes the general RF field expressions (1) and (2) from the one for the helix TWTAs in the Refs. [5] [6] [7] .
The RF Field Equations
On obtaining the RF field profiles, the evolution of the RF field amplitudes, i.e., the RF field equations, can be developed based on the Law of Energy Conservation.
For the kth electron, its dynamical equation is given by
Therefore, its energy change ∆W k can be expressed by the mass-energy relation as
where γ k , q k and m k are the relativistic factor, charge and rest mass of the kth electron, respectively; c is the speed of light in vacuum, E sc is the SC field; coefficient 1/2 and c.c. stand for the real part of the RF fields. Therefore, the total energy change for the electrons in column V can be given by its integral form as
where q = ρdV and ρ is the beam charge density and x k the position of the kth electron. It should be noted that on the right side of (13) the SC field is not included. Because the SC fields are the Coulomb forces between electrons, the total energy transformation among them is zero. Particularly, in a TWTA, relationship dV = A · dz can be shown in (13) as
where j = ρv is the beam current density. On averaging (14) over the time period T and structure period λ h , expression (14) can be rewritten as
The left side of (15) describes the total amount of the energy change for the electrons in a structure period. According to the Law of the Energy Conservation between the RF signals and beam, the left side of (15) can be rewritten as
where ∆W rf is the energy change of the RF signals, ∆W loss the energy lost in SWS, α n (z) the attenuation value, and the minus "−" on its left side indicates that the energy is transformed from the electrons to the RF signals, i.e., the electron beam loses energy while the RF power grows during the BWI course. In (15) and (16), the relationship between the RF signals and the beam is given by dp n (z) dz
On substituting expressions (1) and (3) into (17), the RF field equations are given by
Therefore, the transformation relationship between the RF signals and electron beam is characterized well by the Law of Energy Conservation. The corresponding RF field Equations (18) can be confidently applied in different TWTAs.
The SC Fields
The beam current density can be written in the form of a sum over moving charge particles as
The axial component of beam current density can be decomposed by the Fourier series as
where ψ = ω 0 t is the phase of electrons, ω 0 the greatest common factor of the RF frequencies, l the harmonic number, and the coefficient is
On substituting AC components in expression (20) into the Helmholtz equations, the SC field equations can be given by
The finite-difference (FD) method is applied to solve the SC field Equation (22) along the axial and radial grids. Since the RF fields in a TWTA are produced by the charges induced on the surface of a metallic structure surrounding the beam, the SC fields should be fit to the metallic boundary condition. Therefore, the boundary condition for the radial grids is that the SC potential vanishes at the inner radius of beam tunnel, while the periodic boundary conditions are applied for the axial grids.
Ultimately, by combining the governing Equations (11), (18) , and (22) , the nonlinear theory is constructed and can be numerically integrated over the scale of the SWS to simulate the BWI of a TWTA. Actual SWSs are usually constructed using several sections, including the uniform section with a constant period, the attenuator sections, the sever sections, and the taper sections. Therefore, the TWTA will be modeled by summing the BWI simulations for successive sections.
To theoretically connect all the sections as an actual SWS, information at the end of the current section, such as the RF output power, the speed and position of electrons and the phase of RF signals, will be set as the initial conditions for the next section. In particular, in an attenuator, the attenuation value of the attenuator should be included in α n (z), while in a sever, the right part of (18) is set to zero.
SIMULATION RESULTS AND DISCUSSIONS
Based on this nonlinear BWI theory, 1-D code based on C++ has been constructed. In this 1-D model, electron beam is treated as charge discs moving along axial direction, and the axial electric RF field profile should be averaged over the transversal area of the beam. It should be noted that in the FD method, though these charge discs have no radial velocity, radial grids are still essential to consider the effect of beam filling ratio on SC fields. The RF field equations and the electron motion equations are stepped by the four-order Runge-Kutta (RK4) method and the SC field equations are solved by finite difference (FD) method. These three TWTAs with SWSs shown in Figure 1 and the BWI parameters, i.e., the frequency, the beam voltage, current and fill ratio listed in Table 1 are modeled by the 1-D code. The simulation and experimental results are shown and discussed in Table 1 .
Besides the RF field profiles, the phase speed and attenuation value of a TWTA need to be obtained from HFSS before its BWI simulation. For example, the evolutions of the normalized phase speed and attenuation over the bandwidth of the helix TWTA are calculated and shown in Figure 3 . Figure 5 . Evolution of electrons' relativistic factor varying with axial position for the CC TWTA at 61.5 GHz. Figure 4 shows the simulation of the evolution of power with axial position for the center frequency 61.5 GHz of the V-band CC TWTA. The corresponding evolution of its electron axial speed (i.e., the relativistic factor) is shown in Figure 5 . It can be seen from Figures 4 and 5 that, as the power growth changes from linear to nonlinear, more electrons decelerate while fewer accelerate, and this accurately characterizes the process of energy transformation from electrons to the RF signals.
Because of nonlinearity, harmonic generation needs to be considered in TWTAs. Therefore, the three-order inter-modulation (3IM) output power for the helix TWTA is shown in Figure 6 . In Figure 6 , two signals with 100 MHz frequency difference (i.e., 24.5 and 24.6 GHz) and same power of −7.0 dBm are input and the 3IM output power for 24.4, 24.5, 24.6 and 24.7 GHz is shown.
The experimental and simulated results of saturated output power and gain over the bandwidth for the K-band helix, V-band CC and Wband FWG TWTAs are shown as follows.
In Figure 7 for the helix TWTA experimental results, the average value of the output power over the bandwidth is 56.0 W, and the corresponding digitized simulation value is 58.2 W. Meanwhile, both the experimental and digitized simulation saturated gain curves are similar to each other as the relative error averaged over the bandwidth is 0.6%. In Figure 8 the CC TWTA experimental results show that, the average relative error of saturated output power and saturated gain over the bandwidth are 1.2% and 4.3%, respectively.
To compare this digitized nonlinear theory with developed analytical theories, the simulation results by the code for the helix [31] and CC TWTAs [32] are also included in Figures 7 and 8 , respectively. For the helix TWTA, it is seen from expression (10) that the RF field profiles from the digitized and analytical theories are equal to each other, so their simulation curves in Figure 7 are also similar. It can be seen in Figure 8 that the simulation results from the two CC TWTA Figure 6 . Simulation output spectra of two input tones for the helix TWTA. The input power is −7 dBm and the modulation frequency is 100.0 MHz. theories are consistent, too. Figure 9 shows that for the FWG TWTA, the average relative error over the bandwidth for the saturated output power is 4.2%, and for the saturated gain, the corresponding value is 1.6%. There are mainly two reasons for the wide difference between the experimental and simulated curves for the FWG TWTA. First, in the 1-D model, the transverse effect from the non-axial symmetric nature of SWS in this FWG TWTA is not included. Second, the smaller size of the SWS in the W-band TWTA makes it more sensitive to manufacturing technologies than the other two TWTAs. It can be concluded that saturated output power and gain curves for the helix, CC, FWG TWTAs can be accurately predicted. This nonlinear theory is validated by the consistent comparison between the simulated and experimental results. However, a multi-dimensional model of this digitized nonlinear theory should be developed in the future, because it would be more useful to engineers. The RF field profiles on transversal grids need to considered and the outer focus magnetic fields need to be included. Additionally the electron beam will be treated as charge rings or beamlets [7] to account for their transversal trajectories.
CONCLUSION
A digitized nonlinear theory for the BWI of TWTAs has been presented in this paper. This theory can be applied in various types of TWTAs. A K-band helix TWTA, a V-band CC TWTA, and a W-band FWG TWTA are simulated by the corresponding 1-D code which shows good predictions when comparing its simulation output power and gain curves with the experimental tests. For further simulation, the multidimensional code, as well as the BWI theory within the backward wave oscillation (BWO) and reflections will be included in our future research.
